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Abstract We use a scalar time series to find an unknown
original system (OS) of ordinary differential equations in a
given class. To solve this problem, we first construct a stan-
dard system (SS) of a known type having the observable and
its derivatives as variables. Then we pass from the SS to the
sought OS. To this end, we propose a new method that we call
a method of perspective coefficients. It involves an analysis
of relations between the coefficients of the OS, the SS, and
the numerical values of the SS coefficients obtained for the
studied time series. The method permits to obtain a number of
OS’s that yield the given scalar time series. Here we recover
exactly the observable variable rather than obtain its approx-
imation. In some cases, using the proposed approach one can
obtain a unique candidate system even if no additional infor-
mation is available. The obtained candidate system can be
considered as the thought OS. An exact reconstruction of the
Rössler system structure was obtained in the paper in such
a way. Moreover, in all considered cases, we could not only
determine the structure of the OS but also find numerical
values for some of the coefficients in the OS.
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1 Introduction

This paper deals with the problem of reconstructing dynami-
cal systems from scalar time series [1]. There are many meth-
ods to solve this problem. Depending on the purpose of the
reconstruction, types of the model and the methods used to
obtain it may vary [2]. The equations obtained in the recon-
struction can be used for forecasting [3] in, e.g., economics or
to control complex systems [4]. In these cases, the evolution
of the variables usually depends on many factors and thus it
is extremely difficult to construct an exact model for the sys-
tem. For such cases, the unknown real system can be modeled
with various relations that allow to reconstruct the observable
with a sufficient precision on a bounded time interval, hence
to find an approximation of the function. There are many
ways to do that. The models that can be used include the
AR, ARMA, ARMAX, NARMAX type models and others.
They are aimed at finding different type functions that give
the least error [5–7]. Later approaches assume a use of neural
networks [8], wavelets [9], radial basic functions [10], and
fuzzy sets [11]. A more detailed analysis of various recon-
struction methods is given in the surveys [12,13].

It is a difficult problem to choose a model among all pos-
sible choices [14,15]. Its solution depends on many fac-
tors that are often subjective. At the same time, a rela-
tively simple physical systems could have a complicated
evolution, for example, systems with deterministic chaos,
which are modeled by systems of not many ordinary dif-
ferential equations (ODE’s) with constant coefficients. Such
models can be used to describe real processes in the Earth
atmosphere [16], hydrosphere [17], to analyze the behavior
of the Earth magnetic field [18]. Also, models of such a type
are used to describe some chemical and biochemical reac-
tions [19–21], as well as biological processes [22]. It is pos-
sible to have chaotic behavior in relatively simple mechanical
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systems [23,24]. One should mention many physical or engi-
neering systems with harmonic excitation that also demon-
strate chaotic dynamics, e.g., [25–28]. Such systems can eas-
ily be reduced to autonomous systems.

If the model is taken to be a system of ODE’s with con-
stant coefficients, then the missing variables in the recon-
struction from a single observable variable are often replaced
with derivatives of the observable [29]. Such an alterna-
tive system of ODE’s [30] is called a standard system (SS),
and the unknown system of ODE’s is called an original
system (OS). Here, a number of properties of the SS are
like those of the OS. There are effective numerical algo-
rithms [31,32] for finding coefficients of ODE’s. Various
improvements of the algorithms lead to an increased pre-
cision of the results [33,34].

The above methods, to some extend, permit to reconstruct
the considered time series. Some of them lead to models that
have quantitative characteristics close to those of the OS, for
example, Lyapunov exponents, first-return maps, etc. But,
in all the mentioned cases, solving the reconstruction prob-
lem is reduced to finding a model that replaces the unknown
OS. Such a model does not account for the physics of the
processes that take place. The equations could contain nonex-
istent parameters or not include the parameters that really
exist. As a result, the model can reflect the relation between
the variables inadequately. The purpose of this paper is to
find the real OS rather than its replacement, using a single
observable variable. In this case, it is desirable to get answers
to the following questions:

– what is the structure of the unknown OS, i.e., what is the
set of nonzero coefficients in the right-hand sides of the
equations;

– what relations do the coefficients of the OS satisfy;
– what are the values of the OS coefficients.

As it will be seen below, we can approach a solution of
this problem maximally close by following an analytic pro-
cedure. Section 3.1 thus gives a sufficiently small number of
OS’s one of which will be the sought one. Moreover, the pro-
posed method permits to obtain a single sought system, which
is done in Sect. 3.2. At the same time, the existent numerical
methods for choosing an OS, see e.g. [35,36], do not allow
for such an analysis, and thus could lead to results that can not
be explained and that are far from the reality (see Remark 3).

2 Background

2.1 A method of perspective coefficients

To our opinion, the most productive method for solving the
problem under consideration, at this time, is an approach
that combines numerical methods and a use of analytical

relations between the coefficients of the OS and the SS. For
example, such relations are given in [30,32] for a Rössler sys-
tem [37], and in [38] for a Lorenz system [16]. Ansatz library
is used in [35,36], where the relations are given for a class of
systems.

Unlike the method discussed in [35,36], we were not lim-
ited by a use of a SS of a given form but rather were looking
for all possible choices of the SS’s for which there would
exist analytic transformations connecting them with the OS
of a given type.

Applying a numerical method, we reconstruct a SS from
a unique observable variable. Then, using the obtained rela-
tions between the coefficients we try to recover the unknown
OS. As opposed to [39], we are not looking for the set of
all possible candidate systems [40], but rather decrease the
number of such systems by analyzing the relations between
the coefficients of the OS and the SS. Moreover, if addi-
tional information about the unknown OS is not available,
apart from the observable variable, we will be looking for
the most simple systems in the set of candidate systems. A
system is considered to be the most simple if it is a minimal
system.

Definition 1 The OS will be called minimal, if it exactly
generates observable variable and has a minimal number of
nonzero coefficients in the right-hand sides of the OS equa-
tions.

The method we propose includes the following steps:

1. Reconstruct a SS from the unique observable.
2. Determine which coefficients in the OS are zeros and

which are not by analyzing the relations between the
coefficients of the OS and the SS and using numerical
values of the coefficients in the SS.

3. Form a simplified OS, which contains only nonzero coef-
ficients determined at step 2. We’ll call it an initial system
(IS).

4. Augment recursively the IS with coefficients from the OS
until the SS obtained analytically from the considered OS
would not be identical to the SS obtained using numerical
methods. As a result, we obtain one or several structures
of the minimal OS.

5. If steps 1–4 yield a structure of the OS, then analyz-
ing relations between the coefficients of the OS and
the SS we find connections between the coefficients
of the OS itself and, if possible, find their numerical
values.

We call the above approach a method of perspective coef-
ficients, since going through iteration we add to OS, at step 4,
most perspective coefficients.
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Definition 2 The coefficients in OS will be called perspec-
tive, if being added to the IS, they make, in the SS, a maximal
number of zero coefficients nonzero.

It is clear [41] that there are infinitely many sets of coefficients
that correspond to the same structure of the OS such that the
observable variables of the OS’s would coincide. However,
for the OS’s considered in the paper, a part of the coefficients
could be calculated in a unique manner. For the rest of the
coefficients we obtain relations that connect them.

2.2 Choosing the form of a SS

In this paper, we use a SS of the form

⎧
⎪⎨

⎪⎩

ẏ1 = y2,

ẏ2 = y3,

ẏ3 = F(y1, y2, y3),

(1)

where y1 is one of the variables of the OS, which is considered
as an observable. The function F(y1, y2, y3) will be called a
standard function (SF) of (1). Different papers give various
forms of this function. For example, the SF was taken in [30,
32] to be in the form of a polynomial plus a fraction,

F(y1, y2, y3) = G(y1, y2, y3) + H(y1, y2, y3)

L(y1, y2, y3)
, (2)

where H and L are polynomials. The SF in the form of a
ratio of polynomials,

F(y1, y2, y3) = P(y1, y2, y3)

Q(y1, y2, y3)
, (3)

was also considered in [32].
The above papers deal with two SF’s of type (2) for

a Rössler system. One of them was obtained analytically,
whereas the second one was obtained numerically. These
two SF’s were different but one could be transformed into
the other one. Such a nonuniqueness suggests that a rep-
resentation of the SF in the form (2) is not universal. At
the same time, if each of these two expressions in the
form (2) is converted to a fraction such that the denom-
inators are the same, then we obtain the same SF of the
form (3). It was shown in [32] that, in this case, it is
easy to obtain, from the last equation in the SS, alge-
braic equations that are linear with respect to the coeffi-
cients of the SS, which makes it convenient to calculate
the coefficients. For this reason, we also used the SF in the
form (3).

2.3 Choosing the form of a OS

Sprott et al. in [42–44] using numerical methods have found
many simple systems that have chaotic behavior. We will
also assume that the unknown OS, although having complex
chaotic behavior, are relatively simple. This assumption will
allow us to use an analytic approach that turns out to be more
effective in the case under consideration than the numeri-
cal one. Hence, we consider the proposed method using an
example of a simple OS, an R-class system [39], that is a
system of the form

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ẋ1 = a0 + a1x1 + a2x2 + a3x3,

ẋ2 = b0 + b1x1 + b2x2 + b3x3,

ẋ3 = c0 + c1x1 + c2x2 + c3x3

+ c4x1x2 + c5x1x3 + c6x2x3,

(4)

where only one of the coefficients c4, c5, c6 is distinct from
zero.

Regardless of an apparent simplicity, this class contains a
sufficiently many chaotic systems, including a Rössler sys-
tem [37], systems G, K , O, R considered in [44], the sys-
tem N E4 in [43], and the 17 systems in [39].

The study was conducted for the observable variable x1,
that is, y1 ≡ x1. When deriving relations between the coef-
ficients of the OS and the SS, it turned out that assuming the
conditions a2 �= 0, a3 �= 0, and c6 �= 0 would yield nonlinear
algebraic equations, which complicates further transforma-
tions. Thus we have considered the three particular cases
of (4) with a2 = 0, a3 = 0, and c6 = 0 separately. Sym-
bolic calculations were performed with the Maxima pack-
age. For the case where c6 = 0, the SS was obtained in
the form (5). As a result, relations between the coefficients
of the OS and the SS are (6)–(20). For a2 = 0 the SS was
obtained in the form (21) and for a3 = 0 the SS was obtained
in the form (22). Relations between the coefficients of the
OS and the SS for the last two cases are given in Online
Resource 1.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẏ1 = y2,

ẏ2 = y3,

ẏ3 = 1

D0 + D1 y1
(N0 + N1 y1 + N2 y2 + N3 y3

+ N4 y2
1 + N5 y1 y2 + N6 y1 y3 + N7 y2

2 + N8 y2 y3

+ N9 y2
3 + N10 y3

1 + N11 y2
1 y2 + N12 y2

1 y3).

(5)

N0 = −(a2a3c3 − a2
3c2 + a2

2b3 − a2a3b2)(a0b2c3

− a2b0c3 − a0b3c2 + a3b0c2 + a2b3c0 − a3b2c0)

(6)
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N1 = ((2a2
2a3b0 − 2a0a2a3b2)c3 + (a0a2a3b3

+ a0a2
3b2 − 2a2a2

3b0)c2 + (a2a2
3b2 − a2

2a3b3)c0

+ (a3
2b0 − a0a2

2b2)b3 + a0a2a3b2
2 − a2

2a3b0b2)c5

+ ((a0a2a3b3 + a0a2
3b2 − 2a2a2

3b0)c3 + (2a3
3b0

− 2a0a2
3b3)c2 + (a2a2

3b3 − a3
3b2)c0 + a0a2

2b2
3

− (a0a2a3b2 + a2
2a3b0)b3 + a2a2

3b0b2)c4

+ (a2
2a3b1 − a1a2a3b2)c2

3 + ((a1a2a3b3 + a1a2
3b2

− 2a2a2
3b1)c2 + (a2a2

3b2 − a2
2a3b3)c1 + (a3

2b1

− a1a2
2b2)b3 + a1a2a3b2

2 − a2
2a3b1b2)c3 + (a3

3b1

− a1a2
3b3)c2

2 + ((a2a2
3b3 − a3

3b2)c1 + a1a2
2b2

3
− (a1a2a3b2 + a2

2a3b1)b3 + a2a2
3b1b2)c2

− (a3
2b2

3 − 2a2
2a3b2b3 + a2a2

3b2
2)c1

(7)

N2 = (−a0a2
3c2 + a2a2

3c0 − a0a2a3b2

+ a2
2a3b0)c5 + (a0a2

3c3 − a3
3c0 + a0a2a3b3

− a2a2
3b0)c4 + (a2a3b2 + a1a2a3)c2

3
+ ((−a2a3b3 − a2

3b2 − a1a2
3)c2 − a2a2

3c1

+ (a2
2b2 + a1a2

2)b3 − a2a3b2
2 − a2

2a3b1)c3

+ a2
3b3c2

2 + (a3
3c1 − a2

2b2
3 + a2a3b2b3 − a1a2

3b2

+ a2a2
3b1)c2 + (a2a2

3b2 − a2
2a3b3)c1

+ (a1a2
2b2 − a3

2b1)b3 − a1a2a3b2
2 + a2

2a3b1b2

(8)

N3 = −(c3 + b2 + a1)(a2a3c3 − a2
3c2 + a2

2b3 − a2a3b2)

(9)

N4 = (a2
2a3b0 − a0a2a3b2)c2

5 + ((a0a2a3b3

+ a0a2
3b2 − 2a2a2

3b0)c4 + (2a2
2a3b1

− 2a1a2a3b2)c3 + (a1a2a3b3 + a1a2
3b2

− 2a2a2
3b1)c2 + (a2a2

3b2 − a2
2a3b3)c1

+ (a3
2b1 − a1a2

2b2)b3 + a1a2a3b2
2 − a2

2a3b1b2)c5

+ (a3
3b0 − a0a2

3b3)c2
4 + ((a1a2a3b3 + a1a2

3b2

− 2a2a2
3b1)c3 + (2a3

3b1 − 2a1a2
3b3)c2

+ (a2a2
3b3 − a3

3b2)c1 + a1a2
2b2

3 − (a1a2a3b2

+ a2
2a3b1)b3 + a2a2

3b1b2)c4

(10)

N5 = ((2a2a3b2 + 2a1a2a3)c3 + (−a2a3b3 − a2
3b2

− 2a1a2
3)c2 + (a2

2b2 + a1a2
2)b3 − a2a3b2

2
− a1a2a3b2)c5 + ((−a2a3b3 − a2

3b2)c3 + 2a2
3b3c2

− a2
2b2

3 + (a2a3b2 + a1a2a3)b3 − a1a2
3b2)c4

(11)

N6 = (−2a2a3c3 + a2
3c2 − a2

2b3 − a1a2a3)c5

+ (a2
3c3 + a2

3b2 + a1a2
3)c4

(12)

N7 = a3(a3c2c5 + a2b2c5 + a1a2c5 − a3c3c4

− a2b3c4 − a1a3c4)
(13)

N8 ≡ D1 (14)

N9 = 0 (15)

N10 = −a3(a2c5 − a3c4)(a1b2c5 − a2b1c5

−a1b3c4 + a3b1c4) (16)

N11 = a3(a2c5 − a3c4)(b2c5 + a1c5 − b3c4) (17)

N12 = −a3c5(a2c5 − a3c4) (18)

D0 = −(a2a3c3 − a2
3c2 + a2

2b3 − a2a3b2) (19)

D1 = −a3(a2c5 − a3c4). (20)
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẏ1 = y2,

ẏ2 = y3,

ẏ3 = 1

D0 + D1 y1 + D2 y2
(N0 + N1 y1 + N2 y2

+ N3 y3 + N4 y2
1 + N5 y1 y2 + N6 y1 y3 + N7 y2

2

+ N8 y2 y3 + N9 y2
3 + N10 y3

1 + N11 y2
1 y2

+ N12 y2
1 y3 + N13 y1 y2

2 + N14 y1 y2 y3

+ N15 y1 y2
3 + N16 y3

2).

(21)
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ẏ1 = y2,

ẏ2 = y3,

ẏ3 = N0 + N1 y1 + N2 y2 + N3 y3 + N4 y2
1

+ N5 y1 y2 + N6 y1 y3 + N7 y2
2 + N8 y2 y3.

(22)

Remark 1 For the case c6 = 0, the coefficients c4 and c5 in
system (4) are still nonzero. This means that relations (6)–
(20) also hold for an OS that has two nonlinear terms in one
equation. Systems N E6, N E10, N E11 in [43] are examples
of such cases. Similarly, relations for cases a2 = 0 or a3 = 0
(see Online Resource 1) are also valid for an OS having an
equation with three nonlinear terms in the right-hand side,
e.g., N E13 in [43].

3 Results

3.1 Reconstruction of an R-class chaotic system

We describe the proposed method using an example of recon-
struction of the following R-class chaotic system, see [39]:

⎧
⎪⎨

⎪⎩

ẋ1 = a2x2 + a3x3,

ẋ2 = b1x1,

ẋ3 = c1x1 + c3x3 + c4x1x2,

(23)

where a2 = −25.4, a3 = 1, b1 = 1, c1 = 15.4, c3 = −10,
c4 = −143. The system was solved using the fourth-order
Runge–Kutta method for the interval of 25 s with the step
of 0.001 s. The time series and phase portraits for sys-
tem (23) are shown in Fig. 1. The variable x1 was taken
to be an observable. In system (23), a2 �= 0, a3 �= 0,
and c6 = 0. We thus use relations (6)–(20) to analyti-
cally obtain a SS corresponding to the OS. As a result, we
obtain
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Fig. 1 Time series and phase portraits for system (23)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N0 = 0,

N1 = a2
2a3b1c2

3,

N2 = −a2a3c3(a3c1 + a2b1),

N3 = −a2a3c2
3,

N4 = −2a2a2
3b1c3c4,

N5 = 0,

N6 = a2
3c3c4,

N7 = −a2
3c3c4,

N8 ≡ D1,

N9 = 0,

N10 = a3
3b1c2

4,

N11 = 0,

N12 = 0,

D0 = −a2a3c3,

D1 = a2
3c4.

(24)

A SS corresponding to the OS (23) will be

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẏ1 = y2,

ẏ2 = y3,

ẏ3 = 1

D0 + D1 y1
(N1 y1 + N2 y2 + N3 y3 + N4 y2

1

+ N6 y1 y3 + N7 y2
2 + N8 y2 y3 + N10 y3

1).

(25)

Substituting the values of the coefficients of the OS (23)
into (24) we obtain numerical values for the coefficient of
the reconstructed system,

⎧
⎪⎪⎨

⎪⎪⎩

N1 = 64516, N2 = 2540, N3 = 2540,

N4 = 72644, N6 = 1430, N7 = −1430,

N10 = 20449, D0 = −254, D1 = −143.

(26)

Note that we are not going to use analytically obtained
relations (24), (25) and coefficients values (26) for further
analysis. In our case we utilize them only to compare with
numerically obtained data.
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To numerically calculate the coefficients in the reconstruc-
tion, we took the SF in the form of (21), since it includes SF’s
of the form (5) and (22). To implement an algorithm similar
to that in [32], we write it as

ẏ3 = 1

d0 + d1 y1 + d2 y2
(n0 + n1 y1 + n2 y2 + n3 y3

+ n4 y2
1 + n5 y1 y2 + n6 y1 y3 + n7 y2

2 + n8 y2 y3

+ n9 y2
3 + n10 y3

1 + n11 y2
1 y2 + n12 y2

1 y3

+ n13 y1 y2
2 + n14 y1 y2 y3 + n15 y1 y2

3 + n16 y3
2),

(27)

where d0 = 1. The values of the coefficients of the SF’s
in (21) and (27) differ by the multiplier 1/D0,

ni = Ni

D0
, i = 0, . . . , 16, d j = D j

D0
, j = 0, 1, 2.

(28)

It clearly follows from (28) that if one of the coefficients in
n’s or d’s from (27) is equal to another one, then the cor-
responding coefficients in N ’s or D’s from (24) are also
equal. It is also clear that if a coefficient in n’s or d’s
from (27) is equal (not equal) to zero, then the same rela-
tion holds for the corresponding coefficient in N ’s or D’s
from (24). We will use these observations in the following
analysis.

The numerically obtained values of the SS coefficients
are given in Table 1, which also includes the values obtained
analytically from (26) using relations in (28).

To find the structure of the OS from a known SS, one
can analyze relations between the coefficients of the sys-
tems, see (6)–(20) and Online Resource 1. It’s also use-
ful to utilize the numerical values of the SS coefficients in
Table 1. The initial choice for the needed general model
among the three possible ones, i.e. (5), (21), (22), can be
easily made by using the structure of the denominator of the
SF. Here we are faced with the following three possibili-
ties.

1. If D2 �= 0, that is d2 �= 0 in Table 1, then we use the
SS (21).

2. If D2 = 0, D1 �= 0, then one should use (5) as the SS.
3. If D2 = 0, D1 = 0, D0 �= 0, then the SS is given by

(22).

In the case under consideration, we deal with case 2,
hence we use relations (6)–(20). Note that these relations
were also chosen for a subsequent analysis based on the
known form of the OS in (23). Using Table 1 we see that
D1 �= 0 and, hence, by (20) we have that a3 �= 0. Rela-
tions (18) and (20) imply that N12 = c5 D1. At the same

Table 1 Values of the coefficients in the reconstruction of system (23)

Coefficient Numerical value Analytical value

n0 −4.96151 · 10−6 0

n1 −254.00338 −254

n2 −9.99971 −10

n3 −10.00024 −10

n4 −286.00381 −286

n5 0.00095 0

n6 −5.63040 −5.62992

n7 5.62983 5.62992

n8 0.56299 0.56299

n9 −2.81543 · 10−6 0

n10 −80.50895 −80.50787

n11 0.00040 0

n12 −0.00019 0

n13 −4.01806 · 10−5 0

n14 7.48937 · 10−9 0

n15 −1.55818 · 10−9 0

n16 6.39841 · 10−8 0

d0 1 1

d1 0.56299 0.56299

d2 −2.80398 · 10−6 0

The analytical values are obtained by dividing the values in (26)
by D0 = −254

time, N12 = 0 according to Table 1. Since D1 �= 0, we
have c5 = 0. Since we only look for an R-class OS in this
paper, which means that precisely one of the coefficients
c4, c5, c6 is different from zero, and we already know that
c5 = c6 = 0, we can infer that c4 �= 0. By (17) we get
N11 = a2

3b3c2
4, where a3 �= 0 and c4 �= 0. But N11 = 0

because n11 = 0 according to Table 1, hence b3 = 0.
Since

b3 = c5 = c6 = 0 (29)

by (16), we get N10 = a3
3b1c2

4. But N10 �= 0, hence
b1 �= 0. Using (29) it follows from (11) and (13) that
N5 = −a2

3b2c4(a1 + c3) and N7 = −a2
3c4(a1 + c3). Using

Table 1 we see that N5 = 0 and N7 �= 0. Consequently,
b2 = 0. Since b2 = b3 = 0, it follows that N0 = a3b0(a2c3−
a3c2)

2 and D0 = a3(a3c2 − a2c3). Because N0 = 0 and
D0 �= 0, we have b0 = 0. Summarizing above results
we get

a3 �= 0, b1 �= 0, c4 �= 0, (30)

b0 = b2 = b3 = c5 = c6 = 0. (31)

Then, according to (31), the relations (6)–(20) become
(32).
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N0 = 0,

N1 = a3b1(a2c3 − a3c2)
2,

N2 = a2
3c4(a0c3 − a3c0) + a3(a2c3 − a3c2)

× (a1c3 − a3c1 − a2b1),

N3 = −a3(c3 + a1)(a2c3 − a3c2),

N4 = −2a2
3b1c4(a2c3 − a3c2),

N5 = 0,

N6 = a2
3c4(c3 + a1),

N7 = −a2
3c4(c3 + a1),

N8 ≡ D1,

N9 = 0,

N10 = a3
3b1c2

4,

N11 = 0,

N12 = 0,

D0 = −a3(a2c3 − a3c2),

D1 = a2
3c4.

(32)

For a further analysis, consider a system that contains only
the known nonzero coefficients a3, b1, c4,

⎧
⎪⎨

⎪⎩

ẋ1 = a3x3,

ẋ2 = b1x1,

ẋ3 = c4x1x2.

(33)

We will concider it as IS, see Sect. 2.1. With a use of rela-
tion (32) we get expressions for the coefficients of the SS
assuming the system (33) is the OS. We will drop the coef-
ficients N0, N5, N9, N11, N12 that are, by (32), equal to zero
in the SS. We get

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N1 = 0,

N2 = 0,

N3 = 0,

N4 = 0,

N6 = 0,

N7 = 0,

N8 ≡ D1 = a2
3c4,

N10 = a3
3b1c2

4,

D0 = 0.

(34)

According to (30)–(31), the unknown OS can have still 7
nonzero coefficients, a0, a1, a2, c0, c1, c2, c3. However, the
total number of the coefficients in the right-hand sides of the
sought OS is unknown.

According to the approach in [39], one considers such
possible sets of the coefficients of the OS so that it would be

possible to actually obtain values of the coefficients in the
SS using relations (32). We thus obtain a collection of can-
didate systems and then choose a real OS. For example, if
the sought OS has K = 9 coefficients, then the 3 known
coefficients in (30) should be augmented with 6 missing
coefficients out of 7 possible ones. In this case, the num-
ber of possible combinations, that is the number of OS’s,
will be

(7
6

) = 7. If K = 8, then the number of possible

OS’s will be
(7

5

) = 21, and if K = 7, we get
(7

4

) = 35. For

K = 6, we get
(7

3

) = 35 and, if K = 5, then
(7

2

) = 21. This
shows that we need to analyze a large number of coefficient
combinations for the OS that would yield correct values for
N ’s and D’s if relations (32) are satisfied. Such an analysis
requires a large number of calculations and is rather labori-
ous.

In this paper we propose to use another strategy. If no
additional information about the sought OS is available,
then it is reasonable to choose the simplest system, which
is a minimal OS (Definition 1), that is the one that has
the least number of nonzero coefficients. It follows from
relations (34) that if the coefficients a3, b1, and c4 are
nonzero and the rest of the coefficients are zero, then it
follows that the SS will have all the coefficients equal to
zero save for N10 and N8 ≡ D1. Since we are looking
for a minimal OS, it is reasonable to choose other coef-
ficients in the OS in such a way that their number would
be minimal and, at the same time, the coefficients in (34)
would become nonzero and the SS would be of the right
type.

Table 2 summarizes the analysis of expressions in (32). It
shows which zero coefficient in the SS becomes nonzero if
one or two coefficients are added to the IS (33). The sign
“×”, for example, at the intersection of row a1 and col-
umn N6 means that, if added a nonzero coefficient a1 to
the OS (33), the coefficient N6 in the SS becomes nonzero
according to (32).

Adding two coefficients to the OS leads to different cases.

1. Only one of the added coefficients makes at least one of
the coefficients in the SS become nonzero. For example,
at the intersection of the row c2, c3 and the column N1

there is the coefficient c2 of the OS. This means that it
is sufficient to have c2 �= 0 in the OS for the coefficient
N1 to become nonzero, and the appearance of c3 does
not influence the appearance of N1. Similarly, if c3 is at
the intersection of the row c2, c3 and the column N6 or
N7, then this means that, to make N6 or N7 nonzero, it
is sufficient to add the coefficient c3 into the OS, and
the appearance of c2 does not change the values of N6

or N7.
2. The symbol “∧” means that only the two indicated coef-

ficients in the OS make the corresponding coefficient in
the SS nonzero.
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Table 2 The table allows to find perspective coefficients

Coefficients N1 N2 N3 N4 N6 N7 D0

a0

a1 × ×
a2

c0 ×
c1

c2 × × ×
c3 × ×
a0, c3 ∧ c3 c3

a1, a2 a1 a1

a1, c1 a1 a1

a1, c2 c2 ∧ c2 a1 a1 c2

a1, c3 ∨ ∨
a2, c1

a2, c2 c2 ∧ c2 c2

a2, c3 ∧ ∧ ∧ ∧ c3 c3 ∧
c1, c2 c2 ∧ c2 c2

c1, c3 c3 c3

c2, c3 c2 ∧ c2 c3 c3 c2

It shows which coefficients of the SS become nonzero after introducing
nonzero coefficients into system (33). Combinations with a0 and c0
(except for a0, c3) in (32) are absent and are not given in the table

3. The symbol “∨” in the row a1, c3 means that if any of the
indicated coefficients is nonzero, then the same is true for
the corresponding coefficient in the SS.

Table 2 shows that the only combination that makes all
the coefficients of the SS nonzero is a2, c3. Together with
the known coefficients a3, b1, c4, we obtain an OS with five
coefficients,

⎧
⎪⎨

⎪⎩

ẋ1 = a2x2 + a3x3,

ẋ2 = b1x1,

ẋ3 = c3x3 + c4x1x2.

(35)

Now we need to verify that this system yields a recon-
struction in the form of the SS (1), that is, we need to check
whether the nonzero coefficients of the SS could assume
the needed numerical values. By (32), N1 = a2

2a3b1c2
3,

N2 = −a2
2a3b1c3, N3 = −a2a3c2

3, D0 = −a2a3c3. The
relations N1/N2 = −c3 and N3/D0 = c3 show that

N1

N2
= − N3

D0
. (36)

It follows from (28) that relation (36) can be written as
n1/n2 = −n3/d0. Using Table 1 we find that n1/n2 =
(−254)/(−10) = 25.4 and −n3/d0 = −(−10)/1 = 10.

We see that relation (36) is not satisfied. Consequently, sys-
tem (35) does not give the reconstruction (25), and we need
to add at least one coefficient. Such a coefficient could be a0,
a1, c0, c1, c2. This narrows the choice for a candidate system
down to 5 systems. An analysis has shown that adding one of
the above coefficients to system (35) gives a reconstruction
of (25). Note that choosing c1 we obtain the sought OS (23).

The proposed approach not only allows to choose the
structure but also permits to determine numerical values of
some coefficients of the OS. For example, if a0 is added
into (35), it follows from (32) that c3 = N6/D1, and (28)
gives N6/D1 = n6/d1. Hence we get c3 = n6/d1 = −10.
Similarly, one can find other relations for all five coefficients
in the OS. If one of the coefficients a0, a1, c0, c1, c2 is added
to system (35), then relations that connect coefficients of the
OS are given in one of the following corresponding systems:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

c3 = n6/d1 = −10,

a2b1 = −n1/(d0c3) = −25.4,

a3b1c4 = n10/d1 = −143,

a0 = (n2 − d0a2b1)/n6 = −2.73538,

(37)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

c3 = −11.147,

a1 = n3/d0 − c3 = 1.147,

a2b1c3 = −n1/d0 = 254,

a3b1c4 = n10/d1 = −143,

(38)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

c3 = n6/d1 = −10,

a2b1 = −n1/(d0c3) = −25.4,

a3b1c4 = n10/d1 = −143,

a3c0 = (d0a2b1 − n2)/d1 = −27.35385,

(39)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

c3 = n6/d1 = −10,

a2b1 = −n1/(d0c3) = −25.4,

a3b1c4 = n10/d1 = −143,

a3c1 = n2/d0 − a2b1 = 15.4,

(40)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

c3 = n6/d1 = −10,

a3b1c4 = n10/d1 = −143,

a2b1 = c3n2/n3 = −10,

a3b1c2 = a2b1c3 + n1/d0 = −154.

(41)

The value of the coefficient c3 in (38) was determined as a
unique real root of the cubic equation c3

3 + pc2
3 +qc3+r = 0,

where p = −n3/d0 = 10, q = −n2/d0 = 10, and
r = −n1/d0 = 254. It can be seen that the value of the
coefficient c3 is determined uniquely in all cases. Moreover,
relations (37) also permit to find the coefficient a0 and rela-
tions (38) yield the coefficient a1.
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In addition to the known values of the coefficients in sys-
tems (37)–(41), we also took a3 = b1 = 1. Values of other
coefficients were determined, and we have obtained 5 OS’s.
Phase portraits of these systems are shown in Fig. 2. The
relations show that system (40) is the sought OS (23).

Remark 2 Regardless the fact that SF in systems (25)
and (27) could have singularities, we still can use them for
an analysis. This is possible, since, in the approach we use,
these expressions are transitional and used only to get rela-
tions between coefficients of the OS and the SS. Systems (25)
and (27) need not be solved whether or not a singularity
appears. This is a distinction between our approach and a
traditional one, where a SS with fractional SF replaces the
OS.

3.2 Reconstruction of a Rössler system

Using the notations for the R-class system (4), a Rössler
system [37] will be

⎧
⎪⎨

⎪⎩

ẋ1 = a2x2 + a3x3,

ẋ2 = b1x1 + b2x2,

ẋ3 = c0 + c3x3 + c5x1x2.

(42)

A time series for the variable x1(t) was obtained for sys-
tem (42) with the coefficients a2 = a3 = −1, b1 = c5 = 1,
b2 = 0.15, c0 = 0.2, c3 = −10 over the time period of 40
seconds with the step 0.002 seconds. The numerical recon-
struction was conducted as in Sect. 3.1. Values of the coeffi-
cients of the SF are given in Table 3.

Since a2 �= 0, a3 �= 0, and c6 = 0 in system (42), we
use relations (6)–(20) for further analysis. Analytic values
of the coefficients of the SS were found by substituting the
coefficients in the OS (42) into (6)–(20). As a result, we get

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

N0 = 0.3045, N1 = −101.53,

N2 = 4.875, N3 = −99.9775,

N4 = 20.15, N5 = −3.0225,

N6 = 20, N7 = 0.15,

N10 = −1, N11 = 0.15,

N12 = −1, D0 = 10.15,

D1 = −1,

(43)

and the SS becomes

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẏ1 = y2,

ẏ2 = y3,

ẏ3 = 1

D0 + D1 y1
(N0 + N1 y1 + N2 y2 + N3 y3

+ N4 y2
1 + N5 y1 y2 + N6 y1 y3 + N7 y2

2

+ N8 y2 y3 + N10 y3
1 + N11 y2

1 y2 + N12 y2
1 y3).

(44)

To compare the values of the coefficients in the reconstruction
obtained analytically and numerically, it is necessary, as in
Sect. 3.1, to divide the values in (43) by D0 = 10.15. These
values are given in Table 3.

Proceeding as in Sect. 3.1 we get

a2 �= 0, a3 �= 0, c5 �= 0, (45)

c2 = c4 = 0. (46)

Forming an IS we have the nonzero coefficients a2, a3, and
c5 in the right-hand sides of the first and the third equations.
The coefficients in the right-hand side of the second equation
are unknown. In order to connect this equation with the other
ones, we need to have b1 �= 0 or b3 �= 0. Consider both of
these cases.

If b1 �= 0, we get the IS

⎧
⎪⎨

⎪⎩

ẋ1 = a2x2 + a3x3,

ẋ2 = b1x1,

ẋ3 = c5x1x3.

(47)

Now, using (6)–(20) we get

N0 = N1 = N2 = N3 = N4 = 0,

N5 = N6 = N7 = N11 = D0 = 0,

N10 = a2
2a3b1c2

5, N12 = −a2a3c2
5,

D1 = −a2a3c5.

If the IS has the form

⎧
⎪⎨

⎪⎩

ẋ1 = a2x2 + a3x3,

ẋ2 = b3x1,

ẋ3 = c5x1x3,

(48)

then the coefficients of the corresponding SS will be, accord-
ing to (6)–(20),

N0 = N1 = N2 = N3 = N4 = 0,

N5 = N7 = N10 = N11 = 0,

N6 = −a2
2b3c5, N12 = −a2a3c2

5,

D0 = −a2
2b3, D1 = −a2a3c5.

At this point, for systems (47) and (48), we have con-
structed tables (not given in the paper), each of which is
similar to Table 2 and shows how introducing one coefficient
in the corresponding OS make zero coefficients in the SS
nonzero. The tables show that system (47) with the intro-
duced coefficient b2 is the most perspective. In this case,
3 nonzero coefficients in the SS are augmented with 7 more
coefficients. We thus have 10 nonzero coefficients altogether.
If the coefficient c3 is added to system (47), the SS will have
9 nonzero coefficients, and if a1 or b2 is added to system (48),
the SS will have 8 nonzero coefficients.
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Fig. 2 Phase portraits of systems (37)–(41)
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Table 3 Values of the coefficients in the reconstruction of system (42)

Coefficient Numerical value Analytical value

n0 0.03000 0.03000

n1 −10.00284 −10.00296

n2 0.48028 0.48030

n3 −9.84989 −9.85000

n4 1.98472 1.98522

n5 −0.29764 −0.29778

n6 1.96955 1.97044

n7 0.01476 0.01478

n8 −0.09838 −0.09852

n9 −0.00040 0

n10 −0.09847 −0.09852

n11 0.01477 0.01478

n12 −0.09844 −0.09852

n13 4.52470 · 10−7 0

n14 −8.37181 · 10−6 0

n15 3.57872 · 10−5 0

n16 −1.59664 · 10−9 0

d0 1 1

d1 −0.09851 −0.09852

d2 8.44542 · 10−6 0

The analytical values are obtained by dividing the values in (43)
by D0 = 10.15

Let us consider the most perspective case where the coef-
ficient b2 is added to system (47). The OS becomes

⎧
⎪⎨

⎪⎩

ẋ1 = a2x2 + a3x3,

ẋ2 = b1x1 + b2x2,

ẋ3 = c5x1x3,

(49)

The corresponding SS will have the coefficients

N0 = N1 = N6 = 0, N2 = a2
2a3b1b2, N3 = a2a3b2

2,

N4 = −a2
2a3b1b2c5, N5 = −a2a3b2

2c5, N7 = a2a3b2c5,

N10 = a2
2a3b1c2

5, N11 = a2a3b2c2
5, N12 = −a2a3c2

5,

D0 = a2a3b2, D1 = −a2a3c5.

To determine how perspective the unused coefficients in
the OS are we have constructed a table (not given in the paper)
that is similar to Table 2 and that shows that all coefficients
of the SS become nonzero if the following combinations of
the coefficients of the OS are added: a0, c3; a1, c0; b0, c3;
b3, c0; c0, c3. As a result we get 5 possible OS’s with nonzero
coefficients given in the rows 1–5 of Table 4.

To make a comparison, we can also consider less perspec-
tive case where the coefficient c3 is added to system (47),
which will cause 9 nonzero coefficients to appear in the SS.
As the result, we get the system

Table 4 Possible structures of the OS

N The OS coefficient

a0 a1 a2 a3 b0 b1 b2 b3 c0 c3 c5

1 × × × × × × ×
2 × × × × × × ×
3 × × × × × × ×
4 × × × × × × ×
5 × × × × × × ×
6 × × × × × × ×
7 × × × × × × ×
8 × × × × × × ×
9 × × × × × × ×

⎧
⎪⎨

⎪⎩

ẋ1 = a2x2 + a3x3,

ẋ2 = b1x1,

ẋ3 = c3x3 + c5x1x3,

(50)

for which

N1 = a2
2a3b1c2

3, N2 = −a2
2a3b1c3, N3 = −a2a3c2

3,

N4 = 2a2
2a3b1c3c5, N6 = −2a2a3c3c5, N10 = a2

2a3b1c2
5,

N12 = −a2a3c2
5, D0 = −a2a3c3, D1 = −a2a3c5.

The remaining coefficients in the SS are zero, N0 = N5 =
N7 = N11 = 0.

An analysis, which is similar to the one carried out for the
OS (49), shows how adding the coefficients that are missing
in the OS (50) influence the appearance of nonzero coef-
ficients in the SS. It shows that all the coefficients of the
SS become nonzero if one of the following combinations is
used: a0, b2; a1, b0; b0, b2; b2, c0. As a result we get 4 pos-
sible structures of the OS, which are given in the rows 6–9
of Table 4.

It is easy to see that the 6-th row in Table 4 coincides
with the 1-st one. The same is true for the 8-th and the 3-d
rows, the 9-th and the 5-th rows. This means that we get 6
collections of coefficients, in which the 5-th row corresponds
to a Rössler system that was initially taken as an unknown
OS. By making a verification as in Sect. 3.1, we see that
coefficients in the SS’s corresponding to other collections
do not satisfy the needed relations. Consequently, the final
choice for the structure of the OS is that of the Rössler system.

Using relations (6)–(20) and the numerical values of the
coefficients in the SS from Table 3, we can find values of
some coefficients of the OS. By (6)–(20), using (45)–(46)
we get N12/D1 = c5, but N12/D1 = n12/d1 by (28). Since
Table 3 gives n12 = d1, we thus have c5 = 1. Similarly,
N11/N12 = −b2, N6/D1 = 2c3, N0/D0 = −a3b2c0, and
N10/D1 = −a2b1c5. Using (28) and numerical values of the
coefficients given in Table 3 we get b2 = 0.15, c3 = −10,
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a3c0 = −0.2, and a2b1 = −1. We thus, for the OS, have
obtained exact value for 3 out of 7 coefficients, as well as
relations for finding the other 4 coefficients.

Remark 3 We can compare the result obtained in this section
and the result obtained in [36]. In both cases, it was assumed
that the Rössler system belongs to a certain known class. To
find the system within the class, we have used the analytic
approach whereas a numerical method was used in [36]. As
a result, system (35) was obtained in [36], having 17 coef-
ficients in the right-hand sides, instead of 7, and which dif-
fered substantially from the real Rössler system in both the
structure of the system and numerical values of the coeffi-
cients. At the same time, as it was seen above, the analytic
approach permits to exactly find the structure of the OS, a part
of numerical values of its coefficients, and relations between
the remaining coefficients of the OS.

4 Conclusion

In this paper, we propose a method for finding an unknown
OS from a unique observable. The most effective method, in
our view, is the one that combines numerical procedures with
an analysis of exact mathematical relations. These relations
are obtained for an R-class of ODE’s, which may include the
unknown OS. If the numerical reconstruction of the SS of
the R-class from a single observable is successful, then the
unknown OS can also be considered as a system of the R-
class. Then we use rigorous analytical procedures that elim-
inate or at least minimize arbitrariness in choosing the OS.
As a result, we get several candidate systems for the OS, as
in Sect. 3.1. Moreover, it is possible that if the sought sys-
tem is of the class under consideration we can uniquely find
the unknown OS structure from data on a single observable.
This case is considered in Sect. 3.2, where the unknown sys-
tem was a Rössler system. As shown in examples, such an
approach permits not only to find the unknown OS structure
from a single observable and relations between the coeffi-
cients of the system, but also to determine numerical values
of some coefficients. It is easy to show that this method can
not only be applied to system of the R-class but to other
classes of systems as well. To apply the method, it is only
necessary that coefficients of the OS and the SS be connected
with some relations. Existence of such relations follows from
our results that are out of the scope of this paper and will be
published later.
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